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ABSTRACT: We investigate the structure of thin films of polymer blend solutions at equilibrium, taking
into account the influence of the solvent concentration. Concentration profiles are obtained by numerical
integration of the Hamiltonian flow associated with the mean-field Flory-Huggins-de Gennes theory
supplemented by appropriate boundary terms. We focus, in particular, on the case of symmetric polymer
blend solutions confined between walls that are antisymmetric with respect to both polymers and symmetric
with respect to the solvent. It is shown that, as the system evolves from the one-phase region to the two-phase
region, the equilibrium structure of the film undergoes a transition from a monolayer to a bilayer type of
structure. Then, depending on whether T is, respectively, greater or smaller than the wetting transition
temperature of the solvent free polymer blend, the equilibrium configuration either remains a bilayer or
becomes a laterally phase separated structure as solvent is removed from the film. We finally uncover a
complete family of new unstable solutions having no analogues in the solvent free case and exhibiting a
possibly chaotic behavior of the system.

1. Introduction

The thermodynamics of polymer blend thin films has been
largely studied during the past decades. From a theoretical point
of view, mean-field calculations have been used extensively to
predict their equilibrium configurations. However, to the authors’
knowledge, the actual role of solvent in confined polymer blend
solutions is still an open question. In this paper we provide the
first systematic study of the equilibrium phases of thin films of
polymer blend solutions, as an initial step toward a complete
analysis of their dynamics. Self-consistent field calculations have
proven very efficient in determining qualitative as well as quanti-
tative features of such systems.1,2 In order to describe the con-
centration profiles inside the films, another approach, initially
developed to describe wetting in semi-infinite systems,3,4 consists
of minimizing the Flory-Huggins-de Gennes free energy sup-
plemented by interfacial terms of order two in local concentra-
tions.5,6 The authors recently proposed a Hamiltonian reformu-
lation of this mean-field approach that permits to visualize the
exact solutions graphically as phase portraits in phase space.7

Despite the subsequent loss of integrability, this formalism can be
extended to higher numbers of order parameters and therefore
provides an adequate framework to study the influence of the
presence of solvent on the phase equilibria of thin films of
polymer blend solutions. The advantage of this method is 2-fold:
on one hand it will allow us to benefit from the technology of
nonlinear dynamical systems and, on the other, it will render the
comparison between the new solutions that we will find and their
solvent-free counterparts-if any-more transparent, thus pro-
viding a direct insight on the influence of solvent.

Understanding the thermodynamical equilibrium of thin films
of polymer blend solutions is of great practical importance as one
of the most widely used methods of making very smooth, sub-
micrometer thickness polymer films is solvent casting. When a
polymer-blend solution is used, the two polymers will usually
phase separate as solvent is removed, due to their low entropy of

mixing. Many possible morphologies can result from the pro-
cess, depending on the casting conditions. Usually, the phase-
separated structure is found to be exclusively in the plane of the
film, resulting in a laterally (or vertically) phase-separated film.8

Of course, the formation of structures parallel to the surface of
the film, with the formation of wettinglayers, is also observed.9,10

This is known to occur in as-cast films of both PS/PMMA and
PS/PB blends. Recently, the formation of a transient wetting
layer has even been observed by in situ light scattering during the
spin-coating process of PS/PMMA blends.11 The bilayer subse-
quently breaks up through an interfacial instability with a wave-
length selection mechanism,12 leading to a final laterally phase
separated morphology. From a technological point of view, the
use of spin-coating to design polymer films for organic electronics
is very attractive, as this technique combines simplicity, low cost,
and versatility.Understanding themechanisms of structure form-
ation would allow one to gain some degree of control on the final
polymer morphologies and, therefore, to design more complex
and optimized nanostructures.

Of course the large variety ofmorphologies that canbe reached
during the spin-coating process is due to the fact that phase
separation is controlled not only by the thermodynamics but also
by the kinetics. Indeed, the fast removal of solvent can freeze out
of equilibrium states and relaxation toward equilibriummay thus
be hindered by kinetic barriers formed by the nonequilibrium
phase morphology. In this paper, however, we will focus on the
thermodynamics of thin films of polymer blend solutions, investi-
gating in particular the influence of the film thickness and of the
overall quantity of solvent on the actual equilibrium configura-
tion of the system. This shall shed light on the different kinds of
morphologies likely to appear during the spin-coating process
itself and thus constitutes a first step toward a fully dynamical
treatment of the problem.

The paper is organized as follows. In the second section, we
define the Flory-Huggins-de Gennes free energy of a polymer-
blend solution thin film, with additional interfacial terms. We
then derive the corresponding Euler-Lagrange equations and
the associated boundary conditions, which the equilibrium
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concentration profiles are solutions of. We then turn to the
Hamiltonian formulation of the problem in section 3, by deriving
the expression of the Hamiltonian flow and of the boundary
conditions in the phase space. We then present and discuss our
numerical results in section 4, in the special case of walls that are
antisymmetric for both polymers and symmetric for the solvent.
We finally conclude in section 5.

2. Thermodynamics of Polymer Blend Solutions

2.1. Free Energy of the System. We consider a parallel-
plate geometry of infinite area and width d, as depicted in
Figure 1. A blend solution of polymers A andB in a common
solvent S is at thermodynamical equilibrium with a vapor of
solvent at activity aS=Pvs/P0. The activity aS is the ratio of
the saturated vapor pressurePvs of the solvent at equilibrium
with the solution to the saturated vapor pressure P0 of the
pure solvent. The chemical potential of the solvent vapor can
be approximated to μSV≈ μSV

0 þ kBT log[as]� μSkBT. It will
be assumed that the solvent vapor consitutes a solvent
reservoir, thus imposing its solvent chemical potential
throughout the solution at thermodynamical equilibrium.

In this paper, z will denote the vertical coordinate and we
shall denote by _g the derivative wrt z of any function g of z.
The film is bounded by two interfaces: one at z=0, denoted
S0, andone at z=d, denotedSd. Coordinates parallel to these
interfaces are denoted by the two-dimensional vector r.

The total free energy of the system is given by:

F ¼ F bulk þF S0
þF Sd

ð1Þ
where Fbulk is the free energy associated with the bulk and
FS0

(respectivelyFSd
) that are associatedwith the interfaceS0

(respectively Sd). Working in the grand-canonical ensemble,
we write

F bulk

kBT
¼ a- 3

Z
d2r

Z d

0

dz

�
- μSφs þ fFHðφA,φB,φSÞ

þ a2

36

1

φA

ðrφAÞ2 þ
1

φB

ðrφBÞ2 þ
1

φS

ðrφSÞ2
� ��

ð2Þ

where the first term on the rhs accounts for the control of
the solvent volume fraction by μSV. The second term,
namely fFH, represents the Flory-Huggins free energy,
and is given by

fFHðφA,φB,φSÞ ¼
φA

NA
lnðφAÞþ

φB

NB
lnðφBÞþφS lnðφSÞ

þ χABφAφB þ χASφAφS þ χBSφBφS ð3Þ

φA, φB, and φS being the volume fractions of the components
A, B, and S, respectively.NA is the degree of polymerization
of polymerA and, likewise,NB is that of polymer B. χAB, χAS

and χBS are the interaction parameters between polymers
A andB, polymerA and solvent, and polymerB and solvent,

respectively. Finally, the last three terms are thus added to
express the free-energy cost of having composition gradi-
ents. a denotes the spacing of the Flory-Huggins lattice. It
is worth stressing that, as shown in recent works,13-16 this
mean-field theoretical description is no longer valid when
the thickness of the film is much smaller than the gyration
radius of the chains considered.

The incompressilibity of the solution is assumed, so that
the variables (φA, φB, φS) are related by φA þ φB þ φS= 1.
Therefore, only two of the concentrations are indepen-
dent variables. In what follows, we shall choose φA and
φB and denote by L (φA, φB, φ

·
A, φ

·
B) the bulk free energy

density.
The bare surface free energies FS0

and FSd
are added to

Fbulk in order to account for the effect of the interfacesS0 and
Sd, respectively. We will assume that this effect is, at most, of
order two in local compositions at the interfaces, so that,
neglecting constant terms,

F S0

kBT
¼ a- 2

Z
S0

d2r

�
- h0AφA0 - h0BφB0

-
1

2
ðg0Aφ2

A0 þ g0Bφ
2
B0 þ 2g0ABφA0φB0Þ

�
ð4Þ

F Sd

kBT
¼ a- 2

Z
Sd

d2r

�
- hdAφAd - hdBφBd

-
1

2
ðgdAφ2

Ad þ gdBφ
2
Bd þ 2gdABφAdφBdÞ

�
ð5Þ

φA0 (respectively φB0) and φAd (respectively φBd) represent
the local volume fractions of polymer A (respectively B) at
the interfaces S0 and Sd, respectively. The coefficients hi

0

are phenomenological dimensionless parameters. Following
reference 17, these coefficients can be related to observable
quantities as follows

gA ¼ ζ0

ζ
χAS, gB ¼ ζ0

ζ
χBS,

gAB ¼ ζ0

2ζ
ðχAS þ χBS - χABÞ ð6Þ

hA ¼ -
ζ0

2ζ
χAS þ

a2

kBT
ðγS - γAÞ,

hB ¼ -
ζ0

2ζ
χBS þ

a2

kBT
ðγS - γBÞ ð7Þ

where γA is the surface energy of component A (and like-
wise for B and S), ζ the coordination number of the lattice
and ζ0 the number of bonds that need to be cut to create an
interface.

In the following, the energies will be normalized to kBT
and the lengths to a.

2.2. Euler-Lagrange Equations and Boundary Conditions.
The equilibrium volume-fraction profiles are those for which
the free-energy of the system is minimized. For the sake of
simplicity, we will neglect the inhomogenetities in the direc-
tions parallel to the interfaces and therefore assume that all
functions only depend on z. The corresponding equilibrium

Figure 1. Physical setup.
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volume-fraction profiles are thus solutions of the following
Euler-Lagrange equations:

δf

δφA

-
δK
δφA

ðφAÞ _φA
2 - 2K ðφAÞ φ.A þ δK

δφS

ð1- φA - φBÞðφ.A þφ.BÞ2

- 2Kð1- φA - φBÞðφA þφBÞ ¼ 0 ð8Þ

δf

δφB

-
δK
δφB

ðφBÞ _φB
2 - 2K ðφBÞ φ.B þ

δK
δφS

ð1- φA - φBÞð _φA þ _φBÞ2

- 2Kð1- φA - φBÞðφ.A þφ.BÞ ¼ 0 ð9Þ
The function κ is defined by κ(x) = 1/(36x2), and the

function f by f = fFH - μSφS. This system of two order
two ODEs is completed by four boundary conditions: two at
z= d

2KðφAðdÞÞ _φAðdÞþ 2Kð1- φAðdÞ- φBðdÞÞð _φAðdÞþ _φBðdÞÞ
- hdA - gdAφAðdÞ- gdABφBðdÞ ¼ 0 ð10Þ

2KðφBðdÞÞ _φBðdÞþ 2Kð1- φAðdÞ- φBðdÞÞð _φAðdÞþ _φBðdÞÞ
- hdB - gdBφBðdÞ- gdABφAðdÞ ¼ 0 ð11Þ

and two at z=0

2KðφAð0ÞÞ _φAð0Þþ 2Kð1- φAð0Þ- φBð0ÞÞð _φAð0Þþ _φBð0ÞÞ
þ h0A þ g0AφAð0Þþ g0ABφBð0Þ ¼ 0 ð12Þ

2KðφBð0ÞÞ _φBð0Þþ 2Kð1- φAð0Þ- φBð0ÞÞð _φAð0Þþ _φBð0ÞÞ
þ h0B þ g0BφBð0Þþ g0ABφAð0Þ ¼ 0 ð13Þ

Using the identity

d

dz
½KðφiÞ _φi

2� ¼ _φið2KðφiÞφ. þ
δK
δφi

_φi
2Þ ð14Þ

the (eq 8) φ
·
A þ (eq 9) φ

·
B can be integrated to

KðφAÞ _φA
2 þKðφBÞ _φB

2 þKð1- φA - φBÞð _φA þ _φBÞ2
- ½fFH - μSð1- φA - φBÞ� ¼ h ð15Þ

where h is an integration constant. The system of differential
equations (eqs 8 and 9) thus admits a first integral of motion.
It therefore constitutes a Hamiltonian dynamical system. In
the next section, we switch from the present Lagrangian
point of view, in which the system’s Lagrangian is given by
the bulk free energy (eq 2), to a Hamiltonian description of
the system by means of a Legendre transformation.

3. Hamiltonian Formalism

3.1. Hamiltonian Flow and Boundary Conditions. Hamil-
tonian Derivation. While the Lagrangian description of the
system is in terms of the generalized coordinates q1 = φA,
q2=φB and of the generalized velocities _q1=φ

·
A, _q2=φ

·
B, in

the Hamiltonian description the latter are replaced by the
generalized momenta p1 and p2, defined by

pi ¼ ∂L
∂
:
qi

For the Lagrangian defined in (eq 2), we have

p1 ¼ 2Kðq1Þ :q1 þ 2Kð1- q1 - q2Þð :q1 þ :
q2Þ,

p2 ¼ 2Kðq2Þ :q2 þ 2Kð1- q1 - q2Þð :q1 þ :
q2Þ ð16Þ

The Hamiltonian function, defined as a function of the 2n
independent variables qi and pi, is given by

Hðq1, q2, p1, p2Þ � p1
:
q1 þ p2

:
q2 - Lðq1, q2, :q1, :q2Þ ð17Þ

¼ 9½q1ð1- q1Þp12 - 2q1q2p1p2 þ q2ð1- q2Þp22�
- ½ fFHðq1, q2Þ- μSð1- q1 - q2Þ� ð18Þ

By construction, the latter is a first integral of motion, as
derived in the previous section. By analogy with classical
mechanics,18 we write

Hðq1, q2, p1, p2Þ ¼ Tðq1, q2, p1, p2ÞþVðq1, q2Þ ð19Þ
where the kinetic energy

Tðq1, q2, p1, p2Þ ¼ 9½q1ð1- q1Þp12 - 2q1q2p1p2 þ q2ð1- q2Þp22�
ð20Þ

is positive-definite and the potential energy is given by

Vðq1, q2Þ ¼ - ½ fFHðq1, q2Þ- μSð1- q1 - q2Þ� ð21Þ
Figure 2 represents the typical shape of V as a function of

(u1 = q1 þ q2, u2 = q1 - q2). The kinetic energy can be
obtained, at any value of (u1,u2), by subtracting V from the
constant total energy. This implies, in particular, that, in
Figure 2, the regions of the planesH=constant under V are
forbidden.

Phase Portrait and Boundary Conditions. The phase por-
trait is then given by Hamilton’s equations:

:
q1 ¼

∂H

∂p1
¼ 18½q1ð1- q1Þp1 - q1q2p2� ð22Þ

:
q2 ¼

∂H

∂p2
¼ 18½q2ð1- q2Þp2 - q1q2p1� ð23Þ

_p1 ¼ -
∂H

∂q1

¼ - 9½ð1- 2q1Þ p21 - 2q2p1p2� þ ∂f

∂q1
ðq1, q2Þ ð24Þ

Figure 2. Decomposition of the Hamiltonian into potential and kinetic
energy. The planes are H = constant, for two different values of
constant (h1 and h2 > h1) and the saddle-shape surface is V(u1,u2).
For all (u1,u2), the kinetic energy is given by T(u1,u2) = H - V(u1,u2).
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_p2 ¼ -
∂H

∂q2

¼ - 9½ð1- 2q2Þp22 - 2q1p1p2� þ ∂f

∂q2
ðq1, q2Þ ð25Þ

Whereas Euler-Lagrange’s equations are a set of n sec-
ond-order differential equations, Hamilton’s equations con-
stitute a set of 2n first-order equations. These describe the
possible evolutions of the system as trajectories, or phase
portrait, in phase space. Among these, the appropriate
solutions will be selected by the requirement that they meet
the boundary conditions (eq 10-13). In the present formal-
ism, the latter reduce to

p1, d - hdA - gdAq1, d - gdABq2, d ¼ 0,

p2, d - hdB - gdBq2, d - gdABq1, d ¼ 0 ð26Þ

p1, 0 þ h0A þ g0Aq1, 0 þ g0ABq2, 0 ¼ 0,

p2, 0 þ h0B þ g0Bq2, 0 þ g0ABq1, 0 ¼ 0 ð27Þ
where qi,0 and pi,0 (respectively qi,d and pi,d) denote the values
of the generalized coordinate and conjugate momentum i=
1, 2 at the boundary z=0 (respectively z=d). From the point
of view of the four dimensional phase space, these boundary
conditions are located on 2-planes.

Change of Coordinates. We now introduce a new coordi-
natisation of phase space that will be particularly convenient
in the forthcoming sections, as it is more adapted to the
symmetries of the potential.We let u1=q1þ q2, u2=q1- q2,
v1= p1 þ p2 and v2= p1 - p2. In terms of these, the Hami-
ltonian becomes

Hðu1, u2, v1, v2Þ ¼ 9

4
u1ð1- u1Þv12 þ 9

2
u2ð1- u1Þv1v2

þ 9

4
ðu1 - u2

2Þv22 - f ðu1, u2Þ ð28Þ

� Tðu1, u2, v1, v2ÞþVðu1, u2Þ ð29Þ
The case without solvent, u1=1, reproduce the equation

of the phase portrait in two polymer mixtures.7 The deriva-
tion of the flow equations and boundary conditions in this
new set of coordinates is straightforward and will not be
reproduced here.

3.2. Equations in theH=Constant Space.The phase space
introduced in the previous section is four-dimensional and it
will be convenient, for graphical purposes, to restrict the flow
and the boundary conditions to some three-dimensional
subspace. Since H is a conserved quantity along the flow, a
natural way to do so consists in restricting to the three-
dimensional spaces of constant H.

Equations for the Flow. It follows from the expression of
the Hamiltonian, (eq 28), that, at any fixed value of (u1,u2),
Hu1,u2

(v1,v2) = constant describes an ellipse in the plane
spanned by the coordinates v1 and v2. For every value of
(u1,u2), this ellipse can be parametrized piecewise by v2, with

v1 ¼ -
u2

u1
v2 þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δðu1, u2, v2Þ

p
9u1ð1- u1Þ

in the upper branch of the ellipse and

v1 ¼ -
u2

u1
v2 -

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δðu1, u2, v2Þ

p
9u1ð1- u1Þ

in the lower one, where

Δðu1, u2, v2Þ ¼ 9

4
ð1- u1Þ½4u1ðf ðu1, u2Þþ hÞ- 9v2

2ðu12 - u2
2Þ�

� 9

4
ð1- u1Þδðu1, u2, v2Þ ð30Þ

For all (u1,u2), the two branches of the ellipse overlap at
ν2= ν2

( such that Δ(u1,u2,ν2
()=0, i.e.

v(2 ðu1, u2Þ ¼ (

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4

9

u1

u21 - u22
ðf ðu1, u2Þþ hÞ

s
ð31Þ

The spaceH(u1,u2,v1,v2)=constant can thus be thought of
as a couple of overlapping three-dimensional compact spaces
of coordinates (u1,u2,v2), one for each branch of the ellipse in
the plane (v1,v2), which we shall, by extension, refer to as
branches. The three-dimensional branch corresponding to
the upper (respectively lower) branch of the ellipse will be
referred to as the þ (respectively -) branch. These are
identified at their boundaries (u1,u2,ν2

((u1,u2)), i.e. across
the surface Δ=0. Note that, although a polar parametriza-
tion of the ellipse would have provided a single-chart de-
scription, it is highly inconvenient as it makes the dynamics
muchmore complicated. For this reason it has not been used
here.

In terms of (u1,u2,v2), the flow is reduced, in each
branch, to

_u1 ¼ ( 3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1- u1Þδðu1, u2, v2Þ

p
ð32Þ

_u2 ¼ 9 u1 -
u2

2

u1

 !
v2 (

u2

3u1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1- u1Þδðu1, u2, v2Þ

p2
4

3
5 ð33Þ

_v2 ¼ 2∂u2 f - 9 -
u2

u1
v22 (

v2

3u1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1- u1Þδðu1, u2, v2Þ

p� �
ð34Þ

For u1 = 1, the last two equations above reproduce the
phase portrait for polymer blendswithout solvent,7 This case
will be discussed in more detail in the next section, where we
describe the general features of the flow.

General Shape of the Flow.Let us first specify the accessible
domain of (u1,u2,v2) in the space H(u1,u2,v1,v2) = constant.
On one hand, the positivity of T in eq 28 allows to determine
the accessible values of (u1,u2) for all H. On the other, the
positivity of Δ (eq 30), required to obtain real roots when
solving for v1 in terms of v2, implies that

v-2 ðu1, u2Þe v2 e vþ2 ðu1, u2Þ ð35Þ

Note that if T > 0 for all points in H(u1,u2,v1,v2) =
constant, the surfaces described by v2 = v2

((u1, u2) are
disconnected. They can thus only intersect at points where
T=0, see Figure 3.

To obtain a better understanding of the structure of the
flow, we shall discuss separately its longitudinal component
along u1, described by eq 32, and its transverse component in
the plane (u2,v2), described by eqs 33 and 34.
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First, the longitudinal component has definite sign in each
branch and changes sign from one branch to the other. It
vanishes precisely at Δ = 0, which is on the union of the
surfaces respectively defined by u1=1 andΔ=0.The picture
is therefore that of a trajectory evolving towardΔ=0 in one
branch and then bouncing back from it in the other branch;
except at the intersection of u1=1 andΔ=0, which actually
reproduces the solution without solvent. In the latter case, u1
actually remains constant equal to 1.

In addition to this longitudinal component, the transverse
component consists of an integrated motion through the
layers u1 = contant for a range of values of the constant.
Figure 4 and Figure 5 depict the projections of the Hamilto-

nian flow at different values of u1. In Figure 4, H > Vmax is
assumed,whereas inFigure 5,V0<HeVmax resulting in the
existence of a forbidden region which corresponds to the
empty stripes on the graphs of the second line. It is worth
noting that the shape of the projected flow constitutes a
deformation of the integrable two-dimensional flow familiar
from the solvent-free case, u1=1. In particular, although the
outermost envelope of each graph remains undeformed, the
flow inside this envelope gets tilted, clockwise in the þ
branch, counterclockwise in the - branch. Furthermore, as
u1 departs from itsmost favored value, the concentric ellipses
get contracted toward the center of the graph, until they
eventually disappear.

Figure 3. Surface Δ(u1,u2) = 0 for H = h1 on the left and H = h2 on the right, with h1 and h2 defined in Figure 2.

Figure 4. Projectionof theHamiltonian flow in the (u2,v2) planes in the caseH>Vmax, for different values of u1: (a, b) u1=u1,maxþ 0.01, (c, d) u1=u1,max,
(e, f) u1 = u1,max - 0.01, where u1,min maximizes V. The left column corresponds to the þ branch, the right one to the - branch.
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Boundary Conditions. In phase space, the boundary con-
ditions at z=0 or d are the intersections of the two three-
dimensional hyperplanes respectively defined by

v01 þ h01 þ g01u
0
1 þ g012u

0
2 ¼ 0,

v02 þ h02 þ g02u
0
2 þ g012u

0
1 ¼ 0 ð36Þ

vd1 - hd1 - gd1u
d
1 - gd12u

d
2 ¼ 0,

vd2 - hd2 - gd2u
d
2 - gd12u

d
1 ¼ 0 ð37Þ

It follows that these intersections can be parametrized by
the coordinates (u1,u2). Restricted to the space H(u1,u2,v1,
v2)= constant, they become one-dimensional curves whose
projections in the (u1,u2)-plane are implicitly given by H(u1,
u2,v1

i ,v2
i )=constant, for i=0 or d. The corresponding values

of v1 and v2 being determined by eqs 36 and 37, each of the
boundary conditions lies in a definite branch. Let us note
that, if we assume that gA

i =gB
i , which is reasonable in a

symmetric solution (see eq 6), the coefficients g12
i are equal

to zero. This means that the projection of the one-dimen-
sional boundary curve in (u2,v2)-plane is along a line; see
Figure 9.

4. Numerical Results and Discussion

4.1. Introduction. In this section, we focus on the special
case of walls that are antisymmetric for both polymers and
symmetric for the solvent. Technically, this implies that h1

0=
h1
d and h2

0 = -h2
d. Furthermore, the polymer-polymer-

solvent mixture is assumed to be symmetric, i.e., NA=NB=N

and χAS=χBS=χ. The critical solvent concentration is thus
equal to φSc=1-2/(Nχ).

Before presenting our results, let us first discuss the
numerical method we used. Solutions are found by shooting:
each point of the z=0boundary curve is numerically evolved
following the Hamiltonian flow and the resulting trajectory
is considered a solution if and only if it intersects the
boundary curve at z= d in the H= constant space to the
desired accuracy. Numerical integration of the Hamilton
equations is performed by adaptative stepsize fourth order
Runge-Kutta method. A typical solution is depicted in
Figure 6. The length of each solution is then obtained by
numerical integration of the curvilinear coordinate z along the
trajectory. As in reference 7, different values of the Hamiltonian
H will usually yield solutions of different lengths.

Note finally that the system has only one conserved
charge-the Hamiltonian-for 2 degrees of freedom-u1
and u2-allowing sensitivity of the Hamiltonian flow to the
initial conditions. Technically, the appearance of such a
behavior requires the use of high precision numbers in order
to actually reach solutions to within a given precision bound.

Following the treatment of polymer blend thin films, the
excess surface free-energy is defined by

σðdÞ ¼ FðdÞ- d � f ðφbulk
A ,φbulk

B Þ ð38Þ
which, using the constant of H, can be written as follows:

σðdÞ ¼ FS0
ðφ0

A,φ
0
BÞþFSd

ðφd
A,φ

d
BÞ- d½f ðφbulk

A ,φbulk
B Þ- H�

þ 2

Z d

0

dz f ðφAðzÞ,φBðzÞÞ ð39Þ

Figure 5. Projectionof theHamiltonian flow in the (u2,v2) planes in the caseV0<HeVmax, for different values of u1: (a, b) u1= u1,maxþ 0.01, (c, d) u1=
u1,max, (e, f) u1 = u1,max - 0.01. The left column corresponds to the þ branch, the right one to the - branch.
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In particular, in the case of many solutions for a given
thickness, the stable one will be the one with the lowest σ.

We now discuss two cases:T>Tw, in section 4.2, andT<
Tw, in section 4.3, where Tw denotes the wetting temperature
for polymers. We shall pay particular attention to the role of
μS, i.e. to the quantity of solvent in the film. For binary poly-
mer blends, the corresponding solutions are well-known19,20

and their description in phase space was given by the present
authors in reference 7.

4.2. T> Tw: The Monolayer/Bilayer Transition. To begin
with, we consider the caseT>Tw.More precisely, we use the
following numerical values: N=100, χ=0.3, χAB=0.025,
h1
0=h1

d=0.09andh2
0=-h2

d=-0.03,g1
0=g1

d=-0.18,g2
0=g2

d=
-0.02 and g12

0 =g12
d =0. In this case, whatever the thickness

of the film, the equilibrium configuration of a solvent-free
polymer blend thin film is a bilayer, characterized by the
existence of a local maximum of the function _u2(u2), reached
when u2=0 for symmetric films. Note that, although there
can be a discrepancy between the numbers of minima and
maxima of v2(u2) and _u2(u2), we shall only consider situations
in which they agree, making it easier to identify the nature of
the solutions directly from the shape of the phase portraits.
Typical phase portraits are depicted in Figure 7 for such
situations. They agree with the results obtained for polymer
blend solutions in the limit μS f -¥.

Figure 8 represents the deformation of the phase portraits
as μS is increased. For each value of μS, four solutions are
depicted, corresponding to various thicknesses of the film. It
is obvious from this figure that, as the amount of solvent
increases, the phase portraits undergo a transition from two
minima and a maximum to a single minimum in v2. As a
consequence, the systems evolves from a bilayer, in the
absence of solvent and at low μS, to a monolayer as the
amount of solvent increases. It is worth representing the
above solutions as concentration profiles. An example is

shown in Figure 9. In particular, the solvent concentration as
a function of z is better visualized in this way and it turns out
to be almost constant throughout the film with excesses near
the boundaries as shown in Figure 9e.

Figure 10 represents, for each of the solutions of Figure 8,
the excess surface free energy σ as a function of the film
thichness d. As in the case of polymer blends, for a given μS,
σ is a decreasing function of d. Moreover, at a given thick-
ness, the addition of solvent diminishes the excess surface
free energy, resulting in a stabilization of the corresponding
solutions. Note finally that the solutions on the u1=1 plane
always exist, even for finite values of μS (see eqs 32-34), but
are energetically disfavored unless μSf- ¥, given that they
have higher excess surface free energy.

4.3.T<Tw: the monolayer/bilayer/lateral phase separated
film transition.We now turn to the case T< Tw. To be more
precise, we use the following numerical values: N = 100,
χ=0.3, χAB=0.025, h1

0=h1
d=0.09 and h2

0=-h2
d=-0.015,

Figure 6. Determination of a solution trajectory (bold line) in the
(u1,u2,v2) space, where boundary conditions are represented by curves
(dashed lines).

Figure 7. Visualization of equilibrium concentration profiles of poly-
mer blend thin film in terms of trajectory in the phase space: forT>Tw,
bilayer structure (boundary conditions v2

0,B and v2
d,B, in red); forT<Tw,

lateral phase separated structure (boundary conditions v2
0,L and v2

d,L, in
blue).

Figure 8. Deformationof thephase portraitwith the chemical potential
of solvent μS, for T > Tw.

Figure 9. Representations of solutions of same length for two values
of μS: μs =-1.5 in red and μs =-¥ in black. Associated boundary
conditions in z=0 and z=d are in green and blue, respectively.
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g1
0= g1

d=-0.18, g2
0= g2

d=-0.015/0.55 and g12
0 = g12

d =0.
Thus, the values of the solvent interaction parameteres are
kept unchanged as compared to the previous section.

The corresponding numerical solutions are presented as
trajectories in phase space in Figure 11, for different values
of the chemical potential of the solvent μS. In the limit μS f
-¥, we recover the solutions for polymer blend thin films
with antisymmetric walls: for sufficiently thick films, two
solutions coexist, resulting in a lateral phase separation (see
Figure 7).

As μS increases, so does the total amount of solvent in the
film and the phase portrait undergoes two transitions, in
turn. First, the two coexisting solutions, corresponding to a
lateral phase separation of the film, merge into a single solu-
tion characterized by the existence of two minima and a
maximum and describing a bilayer structure in the film. The
equilibrium structure of the film therefore evolves from late-
ral phase separation to a bilayer. This transition occurs at
values of the solvent chemical potential that depend on the
thickness of the film. Indeed, in the case of μs=-1.5, we see
that, for sufficiently thick films, two solutions coexist, while
for thinner films, the structure is that of a bilayer Figure 12.
Second, as the amount of solvent further increases, the
equilibrium structures of the system become analogous to
those observed for T > Tw: the bilayer, observed for μS=
-0.7, is replaced by a monolayer characterized by a single
minimum in v2 (μS=-0.36). The distribution of the solvent
throughout the film is similar to that described in the
previous sections.

4.4. Unstable Solutions and Chaos. The solutions we have
discussed so far are essentially “deformations” of known
solutions for polymer blends without solvent in the sense
that, despite exhibiting the nontrivial dynamics of the solv-
ent concentration, they are in one-to-one correspondence
with the latter. They are also energetically favored as they
always remain near the minimum of the Flory-Huggins-de
Gennes free energy. Now, it is worth commenting on the fact

that the addition of an independent order parameter results
in the appearance of genuinely new solutions with no analo-
gues in the solvent free situation. In general, these are
energetically disfavored as compared to the previously dis-
cussed solutions. Seen as an evolution problem, the system
exhibits, in the vicinity of these solutions, a high sensitivity
to initial conditions which might be the consequence of a
chaotic behavior of the Hamiltonian flow in the concerned
regions of phase space.

As an example, we now briefly discuss those solutions,
which bounce on the plane u1=1. Typical such solutions are
depicted in Figure 13. The parameters used there are the
same as those used for Figure 8, with μS=-1.5 and the value
of the Hamiltonian is kept constant. We see that both
symmetric and asymmetric solutions, characteristic of lateral
phase separation, appear. Their excess surface free energies
are even higher than the ones of the solutions at μSf-¥. It
is also possible to consider solutionswhich bouncemore than
once between u1=1 andΔ=0 (not represented in Figure 13)
and which have higher excess free energies as they evolve
even further from the minimum of the Flory-Huggins-de
Gennes free energy. Although unstable, these solutions
surely contribute to the out-of-equilibrium dynamics of the

Figure 10. Dependance of the excess surface free energy σ of the
solutions depicted in Figure 8 with the thickness of the film.

Figure 11. Deformation of the phase portrait with the chemical poten-
tial of solvent μS, forT<Tw. For clarity, in the cases μS=-¥ and μS=
-1.5, only one asymmetric solution has been depicted and the long
symmetric solution has been omitted.7.

Figure 13. Representation of solutions in the (u1,u2)-plane in the case
of μS = -1.5, with parameter of section 4.2, at a given value of the
Hamiltonian: as well as the stable solution (red) described in section 4.2,
both symmetric (purple) and asymmetric solutions (green and blue)
appear.

Figure 12. Deformation of the phase portrait for μS=-1.5: (a) in the
(u1,u2,v2) space; (b) in the (u2,v2) plane.
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system and therefore deserve further attention. Figure 13
also illustrates the sensitivity of the system to initial
conditions near the boundary conditions of these solutions.
Note in particular, that the solutions which bounce on the
u1=1 plane typically admit diverging values of v1 near u1=
1, while the stable solutions remain strictly confined within
a finite neighborhood. We postpone the study of these
aspects and of a possible role of chaos therein to future
publications.

5. Conclusion

In this article, we have studied the equilibrium concentration
profiles in thin films of polymer blend solutions, as described by
the Flory-Huggins free energy with quadratic boundary terms.
Wehave first generalized theHamiltonian description of polymer
blend thin films from ref 7 to the case of polymer blend solutions.
The addition of an independent order parameter, corresponding
to an extra degree of freedom at the level of the Hamiltonian
formulation of the theory as compared to the solvent free case,
results in the loss of integrability of the system and, consequently,
in the necessity of a numerical resolution.

The numerical solutions displayed were then derived bymeans
of a shooting technique adapted to the phase space description.
Particular attention has been paid to the role of the solvent in the
special case of a polymer blend solution confined between two
walls that are antisymmetric with respect to both polymers and
symmetric with respect to the solvent. We have shown in
particular that, whatever T < Tc, the system generically under-
goes a transition from a roughly homogeneous monolayer
structure with excess of solvent and of the favored polymer near
each interface to a bilayer structure as solvent is removed from
the solution. Furthermore, depending respectively on whether
T > Tw or T < Tw, the film either remains a bilayer or phase

separates, thus acquiring a lateral structure orthogonal to the
interfaces. It is worth mentioning that, for the values of the
parameters chosen in this paper and, arguably, for all other
physically relevant choices of these, new unstable solutions
usually appear which may play some role in a dynamical
description of the out-of-equilibrium behavior of the system.
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